Abstract. We present a simple algebraic construction of the (non-abelian) derived functors DRep
Introduction
Let A be an associative unital algebra over a field k. The classical representation scheme, parametrizing the n-dimensional representations of A, can be defined as the functor on the category of commutative algebras where M(n, B) denotes the ring of n × n matrices over the commutative algebra B. A natural way to prove representability of this functor goes back to the work of Bergman [B] and Cohn [C] : the idea is to extend (1) from Comm Alg k to the category of all associative k-algebras: 
-
The functor Rep n (A) is defined by the same formula as Rep n (A) in (1), but with B being an associative algebra. It turns out that Rep n (A) is representable, and quite remarkably, its representing object n √ A has a simple and explicit algebraic construction
where A * k M(n) is the free product of A and M(n) := M(n, k) as k-algebras (i.e., the coproduct in the category Alg k ) and (-) M(n) denotes the centralizer of M(n) in A * k M(n) . The algebra n √ A is thus the universal coefficient ring for the n-dimensional associative representations of A; it can be thought of as the coordinate ring of a noncommutative affine scheme in the sense of [C] . Now, the inclusion functor Comm Alg k ֒→ Alg k has an obvious left adjoint, which is abelianization: A → A ♮ := A/A[A, A]A , so representability of (1) follows immediately from (2): the commutative algebra A n := k[Rep n (A)] representing Rep n (A) is given by the formula (3)
A n = (
The aim of this paper is to construct the (non-abelian) derived functors of the functor A → Rep n (A) in the sense of Quillen [Q] . To do this, we first extend (1) to the category DGA k of differential graded (DG) k-algebras, defining Rep n (R) for a fixed R ∈ DGA k by
This construction has been recently used in [LBW] (see also [L] ), from which we borrow the notation
where Comm DGA k is the category of commutative differential graded algebras. To represent Rep n (R) we then proceed as in the case of usual algebras: first, we prove representability in the category of all DG algebras, and then by abelianizing, we get representability of (4) in the category of commutative DG algebras. It turns out that again the natural differential graded analogues of algebras (2) and (3), to wit n √ R := (R * k M(n)) M(n) and R n := ( n √ R) ♮ , represent the corresponding functors explicitly. Given an associative algebra A ∈ Alg k , we now take its almost free DG resolution R → A and define
We prove that the assignment A → A
• n is independent of the choice of resolution, and in fact, defines a functor DRep
• n : Alg k → GrComm Alg k with values in the category of graded commutative algebras, so that DRep 0 n (A) ∼ = Rep n (A) (see Section 2.1 below). The idea of deriving representation schemes is certainly not new: there are several different (and some, in fact, more general) approaches in the literature: see, e.g., [BCHR, T, TV] , and especially [CK] . Our construction is motivated by recent developments in noncommutative geometry (see [KR, G, L, CEG, vdB, vdB1, Be] ), which are based on Kontsevich's idea [K] that the family of representation schemes {Rep n (A)} should be viewed as a 'good approximation' of the noncommutative 'Spec(A)'. This idea turns out to be very fruitful in practice, since it allows one to find correct definitions for various structures on a noncommutative algebra A by requiring that these structures induce standard geometric structures on all representation spaces Rep n (A). Van den Bergh [vdB] has recently proposed a concrete realization of this principle, by introducing a natural functor (-) n : Bimod(A) → Mod(A n ) , which transforms noncommutative objects on A (viewed as bimodules over A) to the corresponding classical objects on Rep n (A). We will construct a functor D(-) n : D(Bimod A) → D(DG Mod R n ) from the derived category of bimodules over A to the derived category of DG modules over R n , where R → A is an almost free resolution of A. This functor is (essentially) independent of the choice of resolution and should be viewed as a derived functor of (-) n in the sense of differential homological algebra (see Section 2.2). When combined with cohomology, it yields a functor (-)
, which transforms bimodules over A to graded modules over A • n . Since passing from Rep n (A) to the DG scheme Rep n (R) amounts (in a sense) to a desingularization of Rep n (A), one should expect that D(-) n will play a role in geometry of arbitrary (in particular, homologically smooth) algebras similar to the role of Van den Bergh's functor in geometry of formally smooth algebras. As a simple illustration of this idea, we compute the derived tangent spaces T
, which turn out to be isomorphic to Hochschild cohomology of the representation ̺ : A → M(n) (see Section 2.3):
Our construction of DRep works naturally in greater generality, when instead of a single k-vector space, we take a complex V of finite total dimension. In the special case, when V is concentrated in degree 0, our results agree with the earlier results of Ciocan-Fontanine and Kapranov [CK] : specifically, if R is a Z − -graded DG algebra, the affine DG action scheme RAct(R, V ) introduced in [CK] , Section 3.3, is naturally isomorphic to our DG representation scheme Rep V (R). We prove this by verifying that RAct(R, V ) and Rep V (R) satisfy the same universal property, although the a priori constructions of these schemes seem very different. The derived tangent spaces of RAct(R, V ) have been also computed in [CK] , and the result (see loc. cit., Proposition 3.5.4) agrees with (5). Our method of computing T • ̺ DRep V (A) using Van den Bergh's functor is different from [CK] and apparently quite a bit simpler (cf. Section 2.3 below).
The main advantage of our approach is the explicitness of algebraic constructions, which should allow concrete computations. We will give several examples in the end of the paper (see Section 3); these examples are chosen more or less at random, with a sole goal to illustrate the theory.
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Main Results

Let
The graded endomorphism ring End V is then naturally a DG algebra. Using End V , we define the functor
where R * k End V is the coproduct in the category DGA k and
with commutators being taken in the graded sense. For any R ∈ DGA k , we denote by R ♮ := R/R[R, R]R the abelianization of R, and set
The following lemma is a generalization of a classic result of Cohn (see [C] , Sect. 6, formula (2)).
The proof of Lemma 1(a) given in [C] for ordinary algebras extends (with some more or less trivial modifications) to all DG algebras, and part (b) is immediate from part (a). It follows from (b) that the commutative DG algebra R V represents the functor
and thus should be thought of as the coordinate ring k[Rep V (R)] of an affine DG scheme Rep V (R) (cf. [CK] , Sect. 2.2). Now, recall that every algebra A ∈ Alg k has an almost free resolution in the category DGA k , which is given by a quasi-isomorphism R → A . Here, R is a DG algebra, whose underlying graded algebra |R| = ⊕ i∈Z R i is free, with R i = 0 for all i > 0. Given two almost free resolutions R 1 → A and R 2 → B and an algebra map f : A → B , there is a homomorphismf : R 1 → R 2 in DGA k , such that H 0 (f ) = f ; moreover,f is unique up to (multiplicative) homotopy (see [Q] , Ch. I, or [CK] , Sect. 3.6). Using these (and other) standard results of homotopical algebra, one can verify that the functor R → R V defined by (6) preserves quasi-isomorphisms. As often happens with non-abelian derived functors, this verification requires some technical preparations and is not immediate. The consequence is the following theorem, which is our first main result. Theorem 1. Let A be an associative unital k-algebra.
(a) For any almost free resolutions R 1 and R 2 of A, there is a quasi-isomorphism f :
Since Spec(A V ) = Rep V (A) when V is concentrated in degree 0, Theorem 1(c) implies that the graded scheme Spec(A 2.2. From now on, we assume that V is concentrated in degree 0. For an algebra A ∈ Alg k , we write [vdB] , Sect. 3.3), we define the additive functor
As mentioned in the Introduction, this functor plays a key role in noncommutative geometry of smooth algebras, transforming noncommutative objects on A to the classical geometric objects on Rep V (A). Our aim is to construct the higher derived functors of (7), which should replace (7) when A is not smooth. We begin by extending the Van den Bergh functor to the world of DGAs. Fix R ∈ DGA k and let π : R → V √ R ⊗ End V denote the universal DG algebra homomorphism corresponding to the identify functor on 
R) e R V , which is nothing but the abelianization functor on bimodules. Combining (8) and (9), we define
As suggested by its notation, the functor (10) is a DG extension of (7). In fact, if R = A is a DG algebra with a single nonzero component in degree 0, the category Bimod(A) can be viewed as a full subcategory of DG Bimod(R) consisting of bimodules concentrated in degree 0. It is easy to check then that the restriction of (10) to this subcategory coincides with (7). The next lemma is analogous to Lemma 1 for DG algebras; it holds, however, in greater generality: for homomorphism complexes Hom
• of DG modules. We recall that, if R is a DG algebra and M , N are DG modules over R, Hom 
Lemma 2. There are canonical isomorphisms of complexes (a) Hom
Example 1. Let R be a DG algebra. Denote by Ω 1 R the kernel of the multiplication map R ⊗ R → R . This is naturally a DG bimodule over R, which, as in the case of ordinary algebras, represents the complex of k-linear graded derivations Der • k (R, M ) (see, e.g., [Q1] , Sect. 3.1 and 3.2). Thus, for any M ∈ DG Bimod(R) , there is a canonical isomorphism of complexes of vector spaces (11) Der
Using (11) and Lemma 2, one can establish canonical isomorphisms
This should be compared to [vdB] , Proposition 3.3.4.
Next, we recall that if R is a DG algebra, every DG module M over R has a semi-free resolution F → M , which is similar to a free (or projective) resolution for ordinary modules over ordinary algebras (see [FHT] , Sect. 2). To construct the derived functors of (7) we now follow the standard procedure in differential homological algebra.
Given an algebra A ∈ Alg k and a complex M of bimodules over A, we first pick an almost free resolution f : R → A in DGA k and consider M as a DG bimodule over R via f . Then, we pick a semi-free resolution F (R, M ) → M in the category DG Bimod(R) and apply to F (R, M ) the functor (10). The result is described by the following theorem, which is the second main result of this paper.
Theorem 2. Let A be an associative k-algebra, and let M be a complex of bimodules over A.
(a) The assignment M → F (R, M ) V induces a well-defined functor between the derived categories
which is independent of the choice of the resolutions R → A and F → M up to auto-equivalence of D(DG Mod R V ) inducing the identity on cohomology.
, which depends only on the algebra A and the vector space V .
(
The proof of part (a) is standard differential homological algebra; the fact that D(-) V is independent of resolutions follows from results of Keller (see, e.g., [Ke1] , Sect. 8.4). Part (b) is immediate from (a), and (c) is proved by direct computation.
2.3. We will use the above construction to compute the derived tangent spaces T
It is instructive to compare our computation with the ones in [vdB] , see loc. cit., Section 3.3.
Recall that if X is an ordinary affine k-scheme and x ∈ X is a k-point, the tangent space T x X to X at x is defined by T x X := Der k (k[X], k x ) . Similarly (cf. [CK] , (2.5.6)), if X is a DG scheme, and x ∈ X 0 is a k-point, the tangent DG space to X at x is defined by
) is the underlying derived scheme of X, the derived tangent space T
• is given, by definition, by cohomology:
Let ρ : R V → k be the DG algebra homomorphism corresponding to a k-point in DRep
• V (A), and let ̺ : R → End(V ) be the representation corresponding to ρ. Then, we have canonical isomorphisms of complexes of vector spaces
The following proposition is now an immediate consequence of [BP] , Lemma 4.2.1 and Lemma 4.3.2.
Proposition 1 (cf. [CK] ).
Remark. As mentioned in the Introduction, in case when V is a single vector space and R ∈ DGA k is almost free, one can show that Rep V (R) is isomorphic the DG scheme RAct(R, V ) constructed in [CK] . This implies that T i ̺ DRep V (A) should be isomorphic to T i ̺ RAct(R, V ) , which is indeed the case, as one can easily see by comparing our Proposition 1 to [CK] , Proposition 3.5.4(b).
Examples
In this section, we assume that V = k n . Given an explicit almost free resolution R → A, the DG algebra R V = ( V √ R) ♮ can be described explicitly. Specifically, let {r i } i∈I be a set of generators of R, and let d R be its differential. Consider a free graded algebraR with generators {r jk i } i∈I,1≤j,k≤n of degree |r . . . r
sm−1k tm
, where the sum is taken over all 1 ≤ s 1 , . . . , s m−1 ≤ n , and extend this by linearity to the whole of R. Now, define a differential d on generators ofR by
and extend it the Leibniz rule to whole ofR. This makesR a DG algebra. The abelianization ofR is then a free (graded) commutative algebra with generators r jk i and the differential induced by the differential ofR. Then, we have the following result.
Theorem 3. There is an isomorphism of DG algebrasR
Using Theorem 3, we can construct explicitly a finite presentation of the graded algebra A
• V , whenever we have a finite almost free resolution of A . In practice, for many interesting algebras, such resolutions are available. For example, the DG algebras introduced recently in [G1] and [Ke] provide very interesting (in a sense, canonical) finite resolutions for all 3D Calabi-Yau algebras, including k[x, y, z] , U(sl 2 ) , Sklyanin algebras, and many others. This allows us to describe the corresponding derived representation schemes quite explicitly, which is rather unusual for derived functors in homotopical algebra.
Example 2. Let U(sl 2 ) be the universal enveloping algebra of the Lie algebra sl 2 (k). By [G1] , Example 1.3.6, it has a finite DG resolution R → U(sl 2 ) , where R is the free graded algebra R = k x, y, z; X, Y, Z; t , with generators x, y, z having degree 0; X, Y, Z having degree −1 and t having degree −2. The differential on R is defined by x ik X kj − X ik x kj + y ik Y kj − Y ik y kj + z ik Z kj − Z ik z kj .
We now give a simple example when one can actually compute the cohomology of R n .
Example 3. Let A = k[x, y] be the (commutative) polynomial algebra in two variables. One can easily check that A has resolution R := k x, y; t , with generators x, y in degree 0, t in degree −1, and dt = xy − yx . In this case, using Gröbner basis techniques, we can compute k[x, y] Similar presentations can be constructed for other polynomial algebras, using a computer algebra software. For example, k [x, y] • 3 has 6 generators in nonzero degrees, all of them in degree −1; it has nonzero components only in degrees 0, −1, −2, and −3. The algebra k[x, y, z]
• 2 has 16 generators in degree −1, and others in lower degrees; regarded as a k[x, y, z] 2 -module, its minimal generating set has 16 elements in degree −1; 56 in degree −2; 128 in degree −3; 233 in degree −4, and more in lower degrees.
